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Application

Fire station problem

For security reasons, each
city needs a fire station

— at least one in a city of
its neighborhood
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Fixed-parameter tractability

Idea: Restrict the seemingly inherent combinatorial explosion of
hard problems to some problem-specific parameters.

Definition (fixed-parameter tractable)

Problem P is fixed-parameter tractable
<~
P is solvable in O(f (k) - n%) time
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DOMINATING SET is

@ NP-complete

o fixed-parameter tractable with parameter k on planar graphs
o WI[2]-complete
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Data reduction

Idea (for DOMINATING SET:)

Replace (in polynomial time) a given instance (G, k)
by “simpler” instance (G', k')

such that

(G, k) is a yes-instance <= (G’, k') is a yes-instance
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Reduction rules

if #0

then

@ choose v to belong to the dominating set
(add “gadget vertex")

(v) U

@ remove Nguard
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Nexit(u, v)
Nguard(”’ v)
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Reduction rules

Problem: all prison-vertices might be dominated by one single
prison-vertex

One single prisoner-vertex could be better
= don't apply rule
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by a single guard- or -vertex

then:




Reduction rules

if # 0

and cannot be dominated
by a single guard- or -vertex
then:

distinguish 3 cases
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u oV
case 3




Reduction rules

gadget

u j
case 3
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subsets of {uy, up, uz}

W =

Hug, o}, {ur, us}, {ur, wo, us}}
Compactification:

W = {{u, v}, {u, us}}

alternatives

Wit =
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W= {{ur, wo}, {u1, us}}
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generalizing the rules for r vertices

W= {{ur, wo}, {u1, us}}

u —
1 A u3 Walt = {{ul7 uz}7 {u17 U3}7 {a7 d}’

{a e}, {b,d},{b e}, {c,d},{c, e},
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u2




generalizing the rules for r vertices

W = {{u, v}, {un, us}}

. us3 /Walt = {{u17uz},{u1,U3},{a7 d}a
{a,e},{b,d},{b, e}, {c,d},{c, e},
{U2, a}v {U2a b}a {U3a a}v {U37 b}}

Rule r

if W is “better” than Walt
then
@ remove all vertices in
u . U Nguard which
are neighbors of all
elements of W




generalizing the rules for r vertices

u1

gadget

u2

u3

W= {{uv1, o}, {ur, us}}

W,y = {1, w2}, {u, us}, {a, d},
{a, e}, {b,d},{b, e}, {c,d},{c, e},
{U2’ a}v {U2a b}a {U3a a}v {U37 b}}

Rule r

if W is “better’ than Walt
then

@ remove all vertices in
. U Nguard which
are neighbors of al/
elements of W

@ insert a gadget
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Definition:
A graph G = (V, E) is said to be reduced with respect to r-Rule if
there is no set of distinct vertices vy, ..., u, for which r-Rule can

be applied.
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Do we really need the r-Rules?

graph reduced with respect to 1-Rule, 2-Rule, ..., (r — 1)-Rule:

grid of width 2, length 2r — 2

not reduced with respect to r-Rule!

The reduction scheme given by r-Rule builds
a strict hierarchy of rules
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1-Rule: O(n%) (if G planar: O(n))
2-Rule: O(n*) (if G planar: O(n%))

r-Rule: O(n?")
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Neighborhood of one vertex v € V J

Nexit(v)

Nguard(v)
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starting rule:

if indeg(v) =0

@ choose v to belong to the dominating set

@ remove U Nguard(‘/) U




Reduction rules for DIRECTED DOMINATING SET




Reduction rules for DIRECTED DOMINATING SET




Reduction rules for DIRECTED DOMINATING SET

if #0

then

@ choose v to belong to the dominating set




Reduction rules for DIRECTED DOMINATING SET

if #0

then

@ choose v to belong to the dominating set
i.e., add a gadget




Reduction rules for DIRECTED DOMINATING SET

if #0

then

@ choose v to belong to the dominating set
i.e., add a gadget

@ remove U Nguard

(v) U




Reduction rules for DIRECTED DOMINATING SET

if #0

then

@ choose v to belong to the dominating set
i.e., add a gadget

@ remove U Nguard

(v) U




Reduction rules for DIRECTED DOMINATING SET

if #0

then

@ choose v to belong to the dominating set
i.e., add a gadget

@ remove U Nguard

(v) U
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Final result for DIRECTED DOMINATING SET

On planar graphs, DIRECTED DOMINATING SET is
fixed-parameter tractable.
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Open questions

Order of application of the rules

@ Characterization of not reducible graphs

Effectiveness of rules vs. running time

Running times in practice




