Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages SOFSEM 2007

Mika Hirvensalo

mikhirve@utu.fi

Department of Mathematics University of Turku FIN-20014 Turku, Finland

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.1/88

Preliminaries

■ Stochastic (Markov) matrix: Each column is a probability distribution.

■ Adjoint matrix: (M^∗)_{ij} = (M_{ji})^∗. ■ Unitary matrix: U^∗U = UU^∗ = I. ■ Alphabet Σ = {a_1, . . . , a_k} is a finite set. ■ Words over Σ: Σ^∗.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.2/88

Preliminaries

■ An n-state probabilistic automaton over Σ:

P = (x, {M_a | a ∈ Σ}, y). y ∈ R^n is the initial distribution, x ∈ {0, 1}^n is the final state vector, and each M_a is an n × n stochastic matrix.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.3/88

Preliminaries

■ An n-state probabilistic automaton over Σ:

P = (x, {M_a | a ∈ Σ}, y). y ∈ R^n is the initial distribution, x ∈ {0, 1}^n is the final state vector, and each M_a is an n × n stochastic matrix.

■ An n-state quantum automaton over Σ:

Q = (P, {U_a | a ∈ Σ}, y). y ∈ C^n is the initial amplitude vector with ||y|| = 1, P is the measurement projection, and each U_a is an n × n unitary matrix.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.4/88

Preliminaries

■ An n-state probabilistic automaton over Σ:

P = (x, {M_a | a ∈ Σ}, y). y ∈ R^n is the initial distribution, x ∈ {0, 1}^n is the final state vector, and each M_a is an n × n stochastic matrix.

■ An n-state quantum automaton over Σ:

Q = (P, {U_a | a ∈ Σ}, y). y ∈ C^n is the initial amplitude vector with ||y|| = 1, P is the measurement projection, and each U_a is an n × n unitary matrix.

■ A Z-automaton: matrices and vectors with integer entries.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.5/88

Graph Representation

a | σ(u), b | 1

a | σ(v), b | 2 a | 0, b | 3 1 2 3

a | k^{|u|}, b | 2 a | k^{|v|}, b | 8 a | 1, b | 1

1 1

M_a = k^{|u|} 0 0 0 k^{|v|} 0 σ(u) σ(v) 1

, Mb =

2 0 0 3 8 0 1 2 1

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.6/88

Preliminaries ■ Let P = (x, {M_a | a ∈ Σ}, y) be a probabilistic automaton over Σ.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.7/88

Preliminaries

■ Let P = (x, {M_a | a ∈ Σ}, y) be a probabilistic automaton over Σ.

■ For w = a_1 . . . a_r ∈ Σ^∗, f_P (w) is defined as f_P (w) = x^T M_{ar} · . . . · M_{a1} y. Analogously for Z-automata.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.8/88

Preliminaries

■ Let P = (x, {M_a | a ∈ Σ}, y) be a probabilistic automaton over Σ.

■ For w = a_1 . . . a_r ∈ Σ^∗, f_P (w) is defined as

f_P (w) = x^T M_{ar} · . . . · M_{a1} y. Analogously for Z-automata.

■ Let Q = (P, {U_a | a ∈ Σ}, y) be a quantum automaton over Σ.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.9/88

Preliminaries

■ Let P = (x, {M_a | a ∈ Σ}, y) be a probabilistic automaton over Σ.

■ For w = a_1 . . . a_r ∈ Σ^∗, f_P (w) is defined as

f_P (w) = x^T M_{ar} · . . . · M_{a1} y. Analogously for Z-automata.

■ Let Q = (P, {U_a | a ∈ Σ}, y) be a quantum automaton over Σ.

■ For w = a_1 . . . a_r ∈ Σ^∗, f_Q(w) is defined as

f_Q(w) = ||P U_{ar} · . . . · U_{a1} y||^2.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.10/88

Cut-point languages For any λ ∈ [0, 1] and automaton A let L_{≥λ}(A) = {w ∈ Σ^∗ | f_A(w) ≥ λ},

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.11/88

Cut-point languages For any λ ∈ [0, 1] and automaton A let L_{≥λ}(A) = {w ∈ Σ^∗ | f_A(w) ≥ λ}, a cut-point language

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.12/88

Cut-point languages For any λ ∈ [0, 1] and automaton A let L_{≥λ}(A) = {w ∈ Σ^∗ | f_A(w) ≥ λ}, a cut-point language, and L_{>λ}(A) = {w ∈ Σ^∗ | f_A(w) > λ} a strict cut-point language.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.13/88

Cut-point languages For any λ ∈ [0, 1] and automaton A let L_{≥λ}(A) = {w ∈ Σ^∗ | f_A(w) ≥ λ}, a cut-point language, and L_{>λ}(A) = {w ∈ Σ^∗ | f_A(w) > λ} a strict cut-point language.

The problems studied: given a binary automaton A and λ, is L_{≥λ}(A) = ∅? Is L_{>λ}(A) = ∅?

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.14/88

Results ■ L_{≥λ}(A) = ∅?

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.15/88

Results ■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.16/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.17/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

■ L_{≥λ}(A) = ∅?

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.18/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

■ L_{≥λ}(A) = ∅? undecidable for quantum automata with 43 states. (V. Blondel, E. Jeandel, P. Koiran, and N. Portier 2005).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.19/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

■ L_{≥λ}(A) = ∅? undecidable for quantum automata with 43 states. (V. Blondel, E. Jeandel, P. Koiran, and N. Portier 2005). New: 21 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.20/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

■ L_{≥λ}(A) = ∅? undecidable for quantum automata with 43 states. (V. Blondel, E. Jeandel, P. Koiran, and N. Portier 2005). New: 21 states.

■ L_{>λ}(A) = ∅? undecidable for probabilistic automata.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.21/88

Results

■ L_{≥λ}(A) = ∅? undecidable for probabilistic automata with 47 states. (V. Blondel and V. Canterini: 2003). New : 25 states.

■ L_{≥λ}(A) = ∅? undecidable for quantum automata with 43 states. (V. Blondel, E. Jeandel, P. Koiran, and N. Portier 2005). New: 21 states.

■ L_{>λ}(A) = ∅? undecidable for probabilistic automata. ■ L_{>λ}(A) = ∅? decidable for quantum automata.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.22/88

Post Correspondence Problem (PCP)

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.23/88

Post Correspondence Problem (PCP)

Given pairs of words I = {(u_1, v_1, ), . . ., (u_k, v_k)}, decide if there is a sequence of indices i_1, . . ., i_n so that u_{i1} . . . u_{in} = v_{i1} . . . v_{in} .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.24/88

Post Correspondence Problem (PCP)

Given pairs of words I = {(u_1, v_1, ), . . ., (u_k, v_k)}, decide if there is a sequence of indices i_1, . . ., i_n so that u_{i1} . . . u_{in} = v_{i1} . . . v_{in} .

■ Undecidable for k ≥ 7 (Y. Matiyasevich and G.

Sénizergues 2005).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.25/88

Post Correspondence Problem (PCP)

Given pairs of words I = {(u_1, v_1, ), . . ., (u_k, v_k)}, decide if there is a sequence of indices i_1, . . ., i_n so that u_{i1} . . . u_{in} = v_{i1} . . . v_{in} .

■ Undecidable for k ≥ 7 (Y. Matiyasevich and G.

Sénizergues 2005).

■ Undecidable if all minimal solutions are of form i_1 = 1, i_n = k, and i_2 . . . i_{n−1} ∈ {2, . . . , k − 1}^+. (V. Claus 1980).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.26/88

Encodings

σ(i_1i_2 . . . i_n) = n∑ j=1 i_j2^{n−j}

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.27/88

Encodings

σ(i_1i_2 . . . i_n) = n∑ j=1 i_j2^{n−j}

■ σ is a bijection Σ^∗ = {1, 2}^∗ → N.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.28/88

Encodings

σ(i_1i_2 . . . i_n) = n∑ j=1 i_j2^{n−j}

■ σ is a bijection Σ^∗ = {1, 2}^∗ → N.

■ σ(1) = 1, σ(2) = 2, σ(11) = 3, σ(12) = 4, σ(21) = 5, σ(22) = 6, σ(111) = 7, . . ..

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.29/88

Encodings

σ(i_1i_2 . . . i_n) = n∑ j=1 i_j2^{n−j}

■ σ is a bijection Σ^∗ = {1, 2}^∗ → N.

■ σ(1) = 1, σ(2) = 2, σ(11) = 3, σ(12) = 4, σ(21) = 5, σ(22) = 6, σ(111) = 7, . . ..

■ σ(uv) = σ(u)2^{|v|} + σ(v).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.30/88

Encodings

σ(i_1i_2 . . . i_n) = n∑ j=1 i_j2^{n−j}

■ σ is a bijection Σ^∗ = {1, 2}^∗ → N.

■ σ(1) = 1, σ(2) = 2, σ(11) = 3, σ(12) = 4, σ(21) = 5, σ(22) = 6, σ(111) = 7, . . ..

■ σ(uv) = σ(u)2^{|v|} + σ(v).

δ(u) = ( 2^{|u|} 0 σ(u) 1 )

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.31/88

Encodings

δ(u) = ( 2^{|u|} 0 σ(u) 1 )

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.32/88

Encodings

δ(u) = ( 2^{|u|} 0 σ(u) 1 )

■ δ is an embedding Σ^∗ → N^{2×2}.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.33/88

Encodings

δ(u) = ( 2^{|u|} 0 σ(u) 1 )

■ δ is an embedding Σ^∗ → N^{2×2}.

γ_0(u, v) =

2^{|u|} 0 0 0 2^{|v|} 0 σ(u) σ(v) 1

■ γ_0 is an embedding Σ^∗ × Σ^∗ → N^{3×3}.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.34/88

Encodings

δ(u) = ( 2^{|u|} 0 σ(u) 1 )

■ δ is an embedding Σ^∗ → N^{2×2}.

γ_0(u, v) =

2^{|u|} 0 0 0 2^{|v|} 0 σ(u) σ(v) 1

■ γ_0 is an embedding Σ^∗ × Σ^∗ → N^{3×3};

γ(u_1, v_1)γ(u_2, v_2) = γ(u_1u_2, v_1v_2).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.35/88

Encodings

γ(u, v) =

2^{2|u|} 0 0 0 0 0 0 2^{|uv|} 0 0 0 0 0 0 2^{2|v|} 0 0 0 σ(u)2^{|u|} σ(v)2^{|u|} 0 2^{|u|} 0 0 0 σ(u)2^{|v|} σ(v)2^{|v|} 0 2^{|v|} 0 σ(u)^2 2σ(u)σ(v) σ(v)^2 2σ(u) 2σ(v) 1

■ γ is an embedding Σ^∗ × Σ^∗ → N^{6×6}.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.36/88

Encodings

γ(u, v) =

2^{2|u|} 0 0 0 0 0 0 2^{|uv|} 0 0 0 0 0 0 2^{2|v|} 0 0 0 σ(u)2^{|u|} σ(v)2^{|u|} 0 2^{|u|} 0 0 0 σ(u)2^{|v|} σ(v)2^{|v|} 0 2^{|v|} 0 σ(u)^2 2σ(u)σ(v) σ(v)^2 2σ(u) 2σ(v) 1

■ γ is an embedding Σ^∗ × Σ^∗ → N^{6×6}. ■ x^T_1 γ(u, v)y_1 = 1 − (σ(u) − σ(v))^2 for x_1 = (0, 0, 0, 0, 0, 1)^T and y_1 = (−1, 1, −1, 0, 0, 1)^T .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.37/88

Encodings

γ(u, v) =

2^{2|u|} 0 0 0 0 0 0 2^{|uv|} 0 0 0 0 0 0 2^{2|v|} 0 0 0 σ(u)2^{|u|} σ(v)2^{|u|} 0 2^{|u|} 0 0 0 σ(u)2^{|v|} σ(v)2^{|v|} 0 2^{|v|} 0 σ(u)^2 2σ(u)σ(v) σ(v)^2 2σ(u) 2σ(v) 1

■ γ is an embedding Σ^∗ × Σ^∗ → N^{6×6}. ■ x^T_1 γ(u, v)y_1 = 1 − (σ(u) − σ(v))^2 for x_1 = (0, 0, 0, 0, 0, 1)^T and y_1 = (−1, 1, −1, 0, 0, 1)^T .

■ x^T_1 γ(u, v)y_1 > 0 if and only if u = v.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.38/88

From PCP to matrices

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.39/88

From PCP to matrices ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.40/88

From PCP to matrices ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.41/88

From PCP to matrices ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ x^T_1 A_{i1} . . . A_{in} y_1 = 1 − (σ(u_{i1} . . . u_{in} ) − σ(v_{i1} . . . v_{in} ))^2.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.42/88

From PCP to matrices ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ x^T_1 A_{i1} . . . A_{in} y_1 = 1 − (σ(u_{i1} . . . u_{in} ) − σ(v_{i1} . . . v_{in} ))^2. ■ x^T_1 A_{i1} . . . A_{in} y_1 > 0 if and only if I has a solution.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.43/88

From PCP to matrices ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ x^T_1 A_{i1} . . . A_{in} y_1 = 1 − (σ(u_{i1} . . . u_{in} ) − σ(v_{i1} . . . v_{in} ))^2. ■ x^T_1 A_{i1} . . . A_{in} y_1 > 0 if and only if I has a solution. ■ f_A(w) > 0 for some w ∈ Σ^+ undecidable for Z-automata with 6 states and k = 7 alphabet symbols.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.44/88

From PCP to matrices

■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be an instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ x^T_1 A_{i1} . . . A_{in} y_1 = 1 − (σ(u_{i1} . . . u_{in} ) − σ(v_{i1} . . . v_{in} ))^2. ■ x^T_1 A_{i1} . . . A_{in} y_1 > 0 if and only if I has a solution. ■ f_A(w) > 0 for some w ∈ Σ^+ undecidable for Z-automata with 6 states and k = 7 alphabet symbols.

■ A shorthand notation: For w = i_1 . . . i_n, let

A_w = A_{i1} . . . A_{in} .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.45/88

Reducing the number of matrices

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.46/88

Reducing the number of matrices ■ x_2 = (x^T_1 A_1)^T , y_2 = A_ky_1, B_1 = A_2, . . ., B_{k−2} = A_{k−1}.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.47/88

Reducing the number of matrices

■ x_2 = (x^T_1 A_1)^T , y_2 = A_ky_1, B_1 = A_2, . . ., B_{k−2} = A_{k−1}. ■ x^T_2 B_wy_2 = x^T_1 A_1B_wA_ky_1 > 0 iff I has a solution (V.

Claus).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.48/88

Reducing the number of matrices

■ x_2 = (x^T_1 A_1)^T , y_2 = A_ky_1, B_1 = A_2, . . ., B_{k−2} = A_{k−1}. ■ x^T_2 B_wy_2 = x^T_1 A_1B_wA_ky_1 > 0 iff I has a solution (V.

Claus).

■ f_A(w) > 0 for some w ∈ Σ^+ undecidable for Z-automata with 6 states and k − 2 = 5 alphabet symbols.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.49/88

Reducing the number of matrices

■ x_2 = (x^T_1 A_1)^T , y_2 = A_ky_1, B_1 = A_2, . . ., B_{k−2} = A_{k−1}. ■ x^T_2 B_wy_2 = x^T_1 A_1B_wA_ky_1 > 0 iff I has a solution (V.

Claus).

■ f_A(w) > 0 for some w ∈ Σ^+ undecidable for Z-automata with 6 states and k − 2 = 5 alphabet symbols.

■ For k − 2 = 5 alphabet symbols we define ψ(1) = 2, ψ(2) = 12, ψ(3) = 112, ψ(4) = 1112, ψ(5) = 1111.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.50/88

An observation

B_{i−1} = γ(u_i, v_i)

=

2^{2|ui|} 0 0 0 0 0 0 2^{|uivi|} 0 0 0 0 0 0 2^{2|vi|} 0 0 0 σ(u_i)2^{|ui|} σ(v_i)2^{|ui|} 0 2^{|ui|} 0 0 0 σ(u_i)2^{|vi|} σ(v_i)2^{|vi|} 0 2^{|vi|} 0 σ(u_i)^2 2σ(u_i)σ(v_i) σ(v_i)^2 2σ(u_i) 2σ(v_i) 1

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.51/88

Binary Z-automaton

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.52/88

Binary Z-automaton

■ The numbers are input symbols, not the weights.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.53/88

Binary Z-automaton

■ The numbers are input symbols, not the weights. ■ New automaton has 5(k − 3) + 1 = 5k − 14 = 21 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.54/88

Binary Z-automaton

■ The numbers are input symbols, not the weights. ■ New automaton has 5(k − 3) + 1 = 5k − 14 = 21 states. ■ I has a solution iff x^T_3 C_wy_3 > 0 for some w ∈ {1, 2}^∗.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.55/88

From Z-automaton to probabilistic automaton ■ Procedure by P. Turakainen (1969)

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.56/88

From Z-automaton to probabilistic automaton

■ Procedure by P. Turakainen (1969)

1. D_i =

0 0 0 C_iy_3 C_i 0 x^T_3 C_iy_3 x^T_3 C_i 0

, x4 = 0 . 0 1 , y_4 = 1 0 . 0 ;

x^T_4 D_wy_4 = x^T_3 C_wy_3; 21 + 2 = 23 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.57/88

From Z-automaton to probabilistic automaton

■ Procedure by P. Turakainen (1969)

1. D_i =

0 0 0 C_iy_3 C_i 0 x^T_3 C_iy_3 x^T_3 C_i 0

, x4 = 0 . 0 1 , y_4 = 1 0 . 0 ;

x^T_4 D_wy_4 = x^T_3 C_wy_3; 21 + 2 = 23 states.

2. E_i =

0 0 0 t_i D_i 0 s_i r^T_i 0

, x5 = (0, x^T_4 , 0)^T , y_5 = (0, y^T_4 , 0)^T ;

x^T_5 E_wy_5 = x^T_4 D_wy_4; 23 + 2 = 25 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.58/88

From Z-automaton to probabilistic automaton 3. F_i = E_i + c1. Note that E_i1 = 1E_i = 0, 1^k = 25^{k−1}1; F_w = E_w + c^{|w|}25^{|w|−1}1.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.59/88

From Z-automaton to probabilistic automaton

3. F_i = E_i + c1. Note that E_i1 = 1E_i = 0, 1^k = 25^{k−1}1; F_w = E_w + c^{|w|}25^{|w|−1}1.

4. G_i =^1_{25c} F_i. Now G_w =^1_{(25c)|w|} E_w +^1_{25} 1, and x^T_5 G_wy_5 =^1_{(25c)|w|} x^T_5 E_wy_5 +^1_{25} . Notice also that G_1 and G_2 are (doubly) stochastic matrices.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.60/88

From Z-automaton to probabilistic automaton

3. F_i = E_i + c1. Note that E_i1 = 1E_i = 0, 1^k = 25^{k−1}1; F_w = E_w + c^{|w|}25^{|w|−1}1.

4. G_i =^1_{25c} F_i. Now G_w =^1_{(25c)|w|} E_w +^1_{25} 1, and x^T_5 G_wy_5 =^1_{(25c)|w|} x^T_5 E_wy_5 +^1_{25} . Notice also that G_1 and G_2 are (doubly) stochastic matrices.

Theorem: For a 25-state probabilistic automaton (x_5, {G_1, G_2}, y_5), x^T_5 G_wy_5 >^1_{25} for some w ∈ Σ^∗ if and only if I has a solution.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.61/88

Quantum automata

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.62/88

Quantum automata

Let U_1 = 1 5 ( 3 −4 4 3 ) , U_2 = 1 5 ( 3 4i 4i 3 ) (both unitary),

and y = (1, 0)^T

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.63/88

Quantum automata

Let U_1 = 1 5 ( 3 −4 4 3 ) , U_2 = 1 5 ( 3 4i 4i 3 ) (both unitary),

and y = (1, 0)^T

Lemma: For each u, v ∈ Σ^∗ = {1, 2}^∗, equality U_uy = U_vy implies u = v.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.64/88

Quantum automata

Define γ(u, v) =^1_2 ( U_u + U_v U_u − U_v U_u − U_v U_u + U_v ) , y_1 = (y, 0)^T ,

and P_1 = ( 0 0 0 I ) .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.65/88

Quantum automata

Define γ(u, v) =^1_2 ( U_u + U_v U_u − U_v U_u − U_v U_u + U_v ) , y_1 = (y, 0)^T ,

and P_1 = ( 0 0 0 I ) .

P_1γ(u, v)y_1 = ( 0 U_uy − U_vy ) .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.66/88

Quantum automata

Define γ(u, v) =^1_2 ( U_u + U_v U_u − U_v U_u − U_v U_u + U_v ) , y_1 = (y, 0)^T ,

and P_1 = ( 0 0 0 I ) .

P_1γ(u, v)y_1 = ( 0 U_uy − U_vy ) , so ||P_1γ(u, v)y_1||^2 = 0 iff u = v.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.67/88

From PCP to quantum automata

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.68/88

From PCP to quantum automata ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be and instance of PCP.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.69/88

From PCP to quantum automata ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be and instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.70/88

From PCP to quantum automata ■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be and instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ ||P_1A_wy_1||^2 = 0 for some nonempty w if and only if I has a solution.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.71/88

From PCP to quantum automata

■ Let I = {(u_1, v_1), . . . , (u_k, v_k)} be and instance of PCP. ■ Define A_1 = γ(u_1, v_1), . . ., A_k = γ(u_k, v_k). ■ ||P_1A_wy_1||^2 = 0 for some nonempty w if and only if I has a solution.

■ ⇒ f_Q(w) = ||P_1A_wy_1||^2 = 0 for some nonempty w is undecidable for quantum automata with 4 states and 7 alphabet symbols.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.72/88

Reducing the number of matrices

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.73/88

Reducing the number of matrices ■ Let B_1 = A_2, . . ., B_{k−2} = A_{k−1}, y_2 = A_ky_1, and P_2 = A^{−1}_1 P_1A_1.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.74/88

Reducing the number of matrices ■ Let B_1 = A_2, . . ., B_{k−2} = A_{k−1}, y_2 = A_ky_1, and P_2 = A^{−1}_1 P_1A_1.

■ ||P_2B_wy_2||^2 = ||A^{−1}_1 P_1A_1B_wA_ky_1||^2 = ||P_1A_1B_wA_ky_1||^2

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.75/88

Reducing the number of matrices ■ Let B_1 = A_2, . . ., B_{k−2} = A_{k−1}, y_2 = A_ky_1, and P_2 = A^{−1}_1 P_1A_1.

■ ||P_2B_wy_2||^2 = ||A^{−1}_1 P_1A_1B_wA_ky_1||^2 = ||P_1A_1B_wA_ky_1||^2 ■ ⇒ f_Q(w) = 0 for some w is undecidable for quantum automata with 4 states and 5 alphabet symbols.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.76/88

Reducing the number of matrices

C_1 =

B_1 0 · · · 0 0 B_2 . . . 0 . . ... .

0 0 · · · B_5

, C_2 =

0 I 0 0 0 0 0 I 0 0 0 0 0 I 0 0 0 0 0 I I 0 0 0 0 .

C_1 and C_2 are unitary 20 × 20-matrices. Let also

P_3 =

P_2 0 · · · 0 0 P_2 · · · 0 . . ... .

0 0 · · · P_2

, y_3 = y_2 0 . 0 Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.77/88

Reducing the number of matrices

C_1 =

B_1 0 · · · 0 0 B_2 . . . 0 . . ... .

0 0 · · · B_5

, C_2 =

0 I 0 0 0 0 0 I 0 0 0 0 0 I 0 0 0 0 0 I I 0 0 0 0 .

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.78/88

Reducing the number of matrices

C_1 =

B_1 0 · · · 0 0 B_2 . . . 0 . . ... .

0 0 · · · B_5

, C_2 =

0 I 0 0 0 0 0 I 0 0 0 0 0 I 0 0 0 0 0 I I 0 0 0 0 .

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

■ C_2C_1C^{−1}_2 = Diag(B_2, B_3, . . . , B_5, B_1)

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.79/88

Reducing the number of matrices

C_1 =

B_1 0 · · · 0 0 B_2 . . . 0 . . ... .

0 0 · · · B_5

, C_2 =

0 I 0 0 0 0 0 I 0 0 0 0 0 I 0 0 0 0 0 I I 0 0 0 0 .

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

■ C_2C_1C^{−1}_2 = Diag(B_2, B_3, . . . , B_5, B_1) ■ ⇒ For each w ∈ {1, . . . , 5}^∗ ||P_2B_wy_2||^2 = ||P_3C_w′ y_3||^2 for some w^′ ∈ {1, 2}^∗.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.80/88

Reducing the number of matrices

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

■ C_2C_1C^{−1}_2 = Diag(B_2, B_3, . . . , B_5, B_1) ■ ⇒ For each w ∈ {1, . . . , 5}^∗ ||P_2B_wy_2||^2 = ||P_3C_w′ y_3||^2 for some w^′ ∈ {1, 2}^∗.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.81/88

Reducing the number of matrices

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

■ C_2C_1C^{−1}_2 = Diag(B_2, B_3, . . . , B_5, B_1) ■ ⇒ For each w ∈ {1, . . . , 5}^∗ ||P_2B_wy_2||^2 = ||P_3C_w′ y_3||^2 for some w^′ ∈ {1, 2}^∗.

■ ⇒ ||P_3C_wy_3||^2 = 0 for some w ∈ {1, 2}^∗ if and only if I has a solution.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.82/88

Reducing the number of matrices

■ For each w ∈ {1, 2}^∗ ||P_3C_wy_3||^2 = ||P_2B_w′ y_2||^2 for some w^′ ∈ {1, . . . , 5}^∗.

■ C_2C_1C^{−1}_2 = Diag(B_2, B_3, . . . , B_5, B_1) ■ ⇒ For each w ∈ {1, . . . , 5}^∗ ||P_2B_wy_2||^2 = ||P_3C_w′ y_3||^2 for some w^′ ∈ {1, 2}^∗.

■ ⇒ ||P_3C_wy_3||^2 = 0 for some w ∈ {1, 2}^∗ if and only if I has a solution.

■ ⇒ f_Q(w) = 0 for some w is undecidable for binary quantum automata with 20 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.83/88

Setting the threshold

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.84/88

Setting the threshold ■ 1 = ||C_wy_3||^2 = ||(I − P_3)C_wy_3||^2 + ||P_3C_wy_3||^2, hence ||(I − P_3)C_wy_3||^2 ≥ 1 if and only if I has a solution.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.85/88

Setting the threshold

■ 1 = ||C_wy_3||^2 = ||(I − P_3)C_wy_3||^2 + ||P_3C_wy_3||^2, hence ||(I − P_3)C_wy_3||^2 ≥ 1 if and only if I has a solution.

■ Let D_i = ( C_i 0 0 1 ) , P_4 = ( I − P_3 0 0 0 ) , and

y_4 = ( √ λy^T_3 , √ 1 − λ)^T .

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.86/88

Setting the threshold

■ 1 = ||C_wy_3||^2 = ||(I − P_3)C_wy_3||^2 + ||P_3C_wy_3||^2, hence ||(I − P_3)C_wy_3||^2 ≥ 1 if and only if I has a solution.

■ Let D_i = ( C_i 0 0 1 ) , P_4 = ( I − P_3 0 0 0 ) , and

y_4 = ( √ λy^T_3 , √ 1 − λ)^T .

■ ||P_4D_wy_4||^2 = || √ λ(I − P_3)C_wy_4||^2 = λ(1 − ||P_3C_wy_3||^2).

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.87/88

Setting the threshold

■ 1 = ||C_wy_3||^2 = ||(I − P_3)C_wy_3||^2 + ||P_3C_wy_3||^2, hence ||(I − P_3)C_wy_3||^2 ≥ 1 if and only if I has a solution.

■ Let D_i = ( C_i 0 0 1 ) , P_4 = ( I − P_3 0 0 0 ) , and

y_4 = ( √ λy^T_3 , √ 1 − λ)^T .

■ ||P_4D_wy_4||^2 = || √ λ(I − P_3)C_wy_4||^2 = λ(1 − ||P_3C_wy_3||^2).

■ ⇒ f_Q(w) ≥ λ for some some w is undecidable for binary quantum automata with 21 states.

Improved Undecidability Results on the Emptiness Problem of Probabilistic and Quantum Cut-Point Languages – p.88/88