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• M IN3-PATHPARTITION 3/2-approximable
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2. k DM ∝ PkPACKING
kDIMENTIONAL MATCHING
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C ⊆ X1 × . . . × Xk, |C| = m
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|Xℓ| = n ∀ℓ, Xℓ ∩ Xh = ∅ ∀ℓ 6= h

C ⊆ X1 × . . . × Xk, |C| = m

• Solution

M ⊆ C is a matchingiif

∀c 6= d ∈ M, cℓ 6= dℓ ∀ℓ = 1, . . . , k

• Question

(?) ∃ M perfect matchingi.e., M matching s.t.|M | = n

Claim
∀k ≥ 3, kDM maps toPkPACKING in bipartite graphs with max degree 3
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2. k DM ∝ PkPACKING
Relations betweenI andG

• M matching onI −→P ′ packing onG s.t. |P ′| = |M |+ (3km− kn)

SOFSEM07 – p. 10/16



2. k DM ∝ PkPACKING
Relations betweenI andG

• M matching onI −→ P ′ packing onG s.t. |P ′| = |M | + (3km − kn)

• ∀i,







usePi to coverH(ci) if ci ∈ M

useQi otherwise

• ∀j,







usePj
lp

to coverH(ej) if lp in somePi ∈ P ′
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2. k DM ∝ PkPACKING

|P∗| = |M∗| + (3km − kn) |V | = k (n + (3km − kn))

Consequences
• ∃ M perfect matching onI ⇔ ∃ P ′

Pk partition onG

⇒ PkPARTITION is NP − c in bipartite max deg 3∀k

⇒ P3PARTITION is NP − c in planar bipartite max deg 3
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|P∗| = |M∗| + (3km − kn) |V | = k (n + (3km − kn))

Consequences
• ∃ M perfect matching onI ⇔ ∃ P ′

Pk partition onG

⇒ PkPARTITION is NP − c in bipartite max deg 3∀k

⇒ P3PARTITION is NP − c in planar bipartite max deg 3

• |M∗| = |P∗| − (3km − kn) ⇒







|M∗| = n

|M∗| < (1 − ε)n
⇔







|P∗| = n + (3km − kn)

|P∗| < (1 − ε′) (n + (3km − kn))

whith ε′ = ε n
n+(3km−kn) = 1

1+(3f(k)−k) if dj = f(k)

⇒ MAX WPkPACKING is APX − h in (planar) bipartite max deg 3

for anyk ≥ (k = 3)
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1. Compute a maximum matchingM1 onG

2. Build the bipartite graphG2 = (L, R; E2) defined as:

L ≡ M1, R ≡ V \ V (M1)
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3. M IN 3-PATH PART. & APX
Algorithm

Input: G = (V, E)

1. Compute a maximum matchingM1 onG

2. Build the bipartite graphG2 = (L, R; E2) defined as:

L ≡ M1, R ≡ V \ V (M1)

E2 : [l[x,y], rv] ∈ E2 ⇔ ([x, v] ∈ E) ∧ ([y, v] ∈ E)

3. Compute a maximum matchingM2 onG2

OutputP deduced fromM1, M2 andV \ V (M1 ∪ M2)

x
y

v

G

l[x,y] rv

G2

⇒

x
y

v

P
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3. M IN 3-PATH PART. & APX
Proposition
P is 3/2-approximate.
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M1 M2 V1
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2. |V | = 2|M1| + |V1|

4. v(P) = |M1| + |V1| − |P2|

5.|V1| − |V2| ≤ |P∗

0 |

6.|P2| ≥ 1/2|V2|



























⇒
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≤ |V | + |P∗

0 |
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∀v ∈ V2, dE2
(v) ≥ 1 : V2

• v is on a pathP fromP∗ (V2 = V1 \ P
∗

0 !) v

• within P, v is adjacent to a vertex fromV (M1)
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∀e = [x, y] ∈ M1, dE2
(e) ≤ 2 :

• [x, y] is linked withinP∗ to at most 2 vertices

from V2 (M1 is optimal!)

⇒ E2 contains a matching of size at least|V2|/2
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4. Perspectives
P vs. NP-c

• PkPARTITION complexity in planar bipartite graphs of maximum

degree 3 whenk ≥ 4
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4. Perspectives
P vs. NP-c

• PkPARTITION complexity in planar bipartite graphs of maximum

degree 3 whenk ≥ 4

APX towards better approximation bounds

• M INk-PATHPARTITION: approximatingρ(k)

−→ broadcasting

• MAX (W)PkPACKING (k ≥ 4)

−→ not better than general weighted set packing problems (k ≥ 4)?

• M INMETRICPkPARTITION (k 6= 4)

−→ vehicle routing problem

PTAS or notPTAS?

• M IN /MAXPkPARTITION

−→ the minimum vehicle problem SOFSEM07 – p. 15/16
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