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Single-minded customers and their bundles, unlimited supply of items

The problem and an example

The highway pricing problem

How to setup the highway tariffs to maximize the revenue of the
highway operator? Notations: n - customers, m - items, v -
valuations.

Definition 2 (Inhomogeneity of valuations). For any instance of the high-
way pricing problem, define v̄j = vj/∣Ij ∣ as the average (per segment) valuation
of customer j, and define the inhomogeneity of valuations as

® = max
j,k∈J

{
v̄j
v̄k

}
.

Example 1. Figure 1 shows an example with three segments, I = {1, 2, 3}, and
six customer requests J = {1, . . . , 6}. The left part of this figure shows the
underlying highway with its alternative roads and distances, and the right part
shows the corresponding instance of the highway problem. The valuation for
traveling from the start of segment k until the end of segment ℓ is denoted vk,ℓ.
This instance has inhomogeneity ® = 2; comparing the valuations for {1, 2, 3}
and {2}.
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Fig. 1. An instance of the highway pricing problem.

Notice that ® ≥ 1, and that the problem becomes trivial as soon as the
valuations are homogeneous (that is, ® = 1), since this corresponds to the case
where all customers’ valuations per segment are identical; see Section 2.

Our first result is to show that, in contrast to the trivially solvable homoge-
neous case, the problem with inhomogeneity of valuations is (weakly) NP-hard.
While this does not sound very surprising, the main point is that this NP-
hardness result holds even if the inhomogeneity ® is bounded from above by
any constant 1 + ". In some sense, we thereby delineate the borderline between
triviality and NP-hardness for the highway pricing problem.

Furthermore, the NP-hardness result remains true even if we impose further
restrictions on customers’ valuations, such as monotonicity, that is,

vj ≤ vk for all Ij ⊆ Ik ,

and monotonicity of average valuations, that is,

vj
∣Ij ∣

≥ (≤, resp.)
vk
∣Ik∣

for all Ij ⊆ Ik .

Our second result is a parametric approximation algorithm for the high-
way pricing problem that complements the NP-hardness result. The pro-
posed algorithm has performance guarantee O(log®) and computation time

3

The general bundle pricing problem

General bundles: Subsets of a ground set of items.
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Related literature

What do we know about the (general bundle) problem?

Complexity and approximability

Bad news: The problem is inapproximable within a
semi-logarithmic factor in the number of customers n; see
Demaine et al (SODA 2006);

Good news: Polynomial time logarithmic-approximation
algorithm in the number of distinct items m; see Balcan and
Blum (EC 2006);

More good news: Many exact algorithms, FPTASes, PTASes
for the restricted cases of the problem: fixed number of items,
fixed bundle sizes, monotonicity in the bundle sizes, nested
cases etc; see Hartline and Koltun (WADS 2005), Balcan and
Blum (EC 2006), Briest and Krysta (SODA 2006), G. et al
(ESA 2007).
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Motivation

Inhomogeneity

Homogeneous valuations of customers

Question: What if all customers have the same per item/unit
valuations for their bundles?

Answer: The problem is trivial - uniform pricing does the job.

Suggestion: Bound inhomogeneity!

Inhomogeneity ratio

α = max
j ,k∈{1,...,n}

{
v̄j
v̄k

}
,

where v̄j = vj/|Ij | and Ij is a bundle of customer j .
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Example continued

Inhomogeneity ratio in our example

Inhomogeneity ratio is 2

Bundle {1, 2, 3} has average valuation 5 and bundle {2} has
average valuation 10:
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way pricing problem, define v̄j = vj/∣Ij ∣ as the average (per segment) valuation
of customer j, and define the inhomogeneity of valuations as
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six customer requests J = {1, . . . , 6}. The left part of this figure shows the
underlying highway with its alternative roads and distances, and the right part
shows the corresponding instance of the highway problem. The valuation for
traveling from the start of segment k until the end of segment ℓ is denoted vk,ℓ.
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Our results

Does bounded inhomogeneity help?

Summary of the findings

Polynomial time (1 + ε+ lnα)-approximation algorithm;

Given ε > 0, the bundle pricing problem remains strongly
NP-hard even when restricted to the following conditions:

1 α ≤ 1 + ε;
2 customers valuations are monotone (vj ≤ vk , Ij ⊆ Ik), i.e., the

more you want to buy the more you are willing to pay;
3 customers average valuations are monotone decreasing

(vj ≤ vk , Ik ⊆ Ij), i.e., the bigger bundle you want to buy the
greater discount you expect).

The highway pricing problem remains (weakly) NP-hard even
under the three conditions mentioned above.
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The idea of the algorithm and useful observations

Some insightful lemmas

Lemma 1 (trivial)

Given a partition of the set of customers J =
⋃

`=1,...,K J` with
inhomogeneity ratio in every subset at most δ, the uniform pricing
provides the solution with revenue at least OPT/Kδ.

The idea: optimize over K and δ.

Partition

Split J geometrically, i.e., not-yet-assigned j → J` iff v̄j ≤ δ`v̄min.

Lemma 2 (trivial)

K ≤ 1 + lnα/ ln δ for any δ > 1.
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Analysis and improvement

Fighting for the constant in O(lnα)

Straightforward computation of the revenue

Π ≥ OPT/Kδ ≥ OPT/δ(1 +
lnα

ln δ
) ≥ OPT/e(1 + lnα)

The way to improve the analysis

Take into account the customers with valuations higher then
the chosen uniform price. All subsets of the partition with
high valuations will contribute to the revenue.

Old algorithm + some polishing + new δ ⇒
Given ε > 0, let δ = 1 + ε/(1 + lnα) and we derive that

Π ≥ OPT/(1 + ε+ lnα)
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The general bundle pricing problem

Reduction from Maximum Independent Set

Maximum Independent Set

Given a graph G = (V ,E ), find a maximum cardinality subset of
vertices that are pairwise non-adjacent.

Gadget: vertices v , u and edge e = (v , u) ⇒ items v , u, e

e

v u

M

M+1M+1

2M+12M+1

2M+1

Grigoriev, Van Loon, Uetz On the complexity of the bundle pricing problem



Introduction logα-approximation algorithm Complexity Concluding remarks

The highway pricing problem

Reduction from Partition by Briest and Krysta (SODA
2006) and Bodlaender and Penninkx (2005)

Partition

Given integers a1, . . . , aL and A, does there exist a set
S ⊆ {1, . . . , L} such that

∑
i∈S ai =

∑
i /∈S ai = A?

Highway segments: two singletons with valuations ai ; one double
with valuation ai ; global bundle with valuation 3A/2

1a 1a

1a

La La

La

2
3A
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Conclusions and open problems

Concluding Remarks

Done/Open

The special cases considered before simplify the problem
significantly while bounded inhomogeneity seems keeping the
hardness.

Under bounded inhomogeneity the inapproximability result of
Demaine et al (SODA 2006) does not hold anymore (constant
approximation)!

Instead of matching in-/approximability results we obtain a
logarithmic (in α) approximability gap...

PTAS for the highway pricing problem?

Thanks!
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