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Find subset of beans that I like most and that are closely located.
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The handful of jellybean problem modeling

Task

Find subset of beans that I like most and that are closely located

Context

Given a graph G = (V ,E ) and
w : V → R its node-weighting
function.

Objective

Find V ∗ ⊆ V that:

maximize
∑

v∈V ∗ w(v)

Constraints

And such that:

G [V ∗] is connected
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Is Maximum-Weight Connected Subgraph difficult?

MWCS known to be NP-hard in the general case

Trivial polynomial-time dynamic-programming algorithm for trees

Known to be polynomial-time solvable for bounded-treewidth
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Task

Find subset of beans that I like most, that are closely located in each jar,
and such that each hand contains nearly the same colors.
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Task

Find subset of beans that I like most, that are closely located in each jar,
and such that each hand contains nearly the same colors.

Context

Given G1 and G2,
given w : V1 ∪ V2 → R,
given R a relation between V1

and V2 , and α a
cross-connectedness ratio

Objective

Find V ∗ ⊆ V1 ∪ V2 that:

maximize
∑

v∈V ∗ w(v)

Constraints

And such that:
G [V ∗] is connected, and
|U∗|
|V ∗| ≥ α (where U∗ are the beans in

relation that are in the solution)
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Is Maximum-Weight Cross-Connected Subgraphs difficult?

Obviously, MWCCS is as difficult as MWCS when α = 0
(two independant MWCS in each jar)

Difficult to reason about difficulty when α ∈ ]0, 1[

What about α = 1 (perfect pairing in the solution)?
⇒ How difficult?
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Optimization

Optimization problem: a problem where we are looking for the best
solution from a set of candidate solutions (usually extremely big).

Besides the inputs, it is constituted of an objective function that we
want to optimize, and of a set of constraints that bound the set of
candidate solutions.



Approximation

Approximate solution: is a sub-optimal solution, up to some
approximation factor (e.g 5%) of the optimal solution.

Approximation algorithms:
I Constant-factor approximation
I Arbitrary-factor approximation

APX-hard optimization problem: problem that is easy to approximate
within a constant-factor in polynomal time but difficult to
approximate within any arbitrary factor.

MWCCS is APX-hard!
⇒ Proof: reduction of MAX-3SAT(B) to MWCCS.
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CNF?

3CNF formula: a Conjonctive Normal Form formula with at most 3
variables per clause.

(x1 ∨ x2 ∨¬x3)∧ (¬x1 ∨ x3 ∨ x4)∧ (x1 ∨ x4 ∨¬x5)∧ (¬x1 ∨¬x4 ∨¬x5) is 3CNF

3CNF(B) formula: a 3CNF formula where each variable appear in at
most B clauses.

(x1 ∨ x2 ∨¬x3)∧ (¬x1 ∨ x3 ∨ x4)∧ (x1 ∨ x4 ∨¬x5)∧ (¬x1 ∨¬x4 ∨¬x5) is not 3CNF(3)
(x1 ∨ x2 ∨¬x3)∧ (¬x1 ∨ x3 ∨ x4)∧ (x1 ∨ x4 ∨¬x5)∧ (¬x3 ∨¬x4 ∨¬x5) is 3CNF(3)
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MAX-3SAT(B)?

3SAT: Given a 3CNF formula, find if there exists an assignment that
satisfies all clauses.

MAX-3SAT: Given a 3CNF formula, find the assignment that satisfies
the maximum number of clauses.

MAX-3SAT(B): Given a 3CNF(B) formula, find the assignment that
satisfies the maximum number of clauses.
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Reduction – Intuition

Formal proof in the paper

Demonstrate for an instance of MAX-3SAT(3):

(¬x1 ∨ x2 ∨¬x3)∧ (¬x2 ∨ x3 ∨¬x4)∧ (x1 ∨ x4 ∨¬x5)∧ (¬x3 ∨ x4 ∨¬x5)



Reduction – Intuition

(¬x1 ∨ x2 ∨ ¬x3) ∧ (¬x2 ∨ x3 ∨ ¬x4) ∧ (x1 ∨ x4 ∨ ¬x5) ∧ (¬x3 ∨ x4 ∨ ¬x5)

Use nodes to encode variables valuations and clauses

Use weights to enforce only one valuation per variable

Use the bipartite relation R to encode the structure of the solution



Reduction

(¬x1 ∨ x2 ∨ ¬x3) ∧ (¬x2 ∨ x3 ∨ ¬x4) ∧ (x1 ∨ x4 ∨ ¬x5) ∧ (¬x3 ∨ x4 ∨ ¬x5)

For a solution to MWCCS of weight K , there exists a corresponding
solution to MAX-3SAT(B) that satisfy K clauses ≈ L-reduction.
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Wrap-up

MWCCS is APX-hard when
I G1 is a b-(comb)-tree, G2 is a b-tree, and R is a surjective relation.

I G1 is a b-tree, G2 is a graph, and R is a bijective relation.
⇒ Bonus: can be used to prove that MWCS is APX-hard!

Bonus: MWCCS is solvable in polynomial time when G1 is a tree, G2

is a tree, and R is a bijective relation.
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Conserved cross-species network modules elucidate
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Mohammed El-Kebir1,2,⇤, Hayssam Soueidan3,⇤, Thomas Hume4,5,⇤, Daniela
Beisser6, Marcus Dittrich7, Tobias Müller7, Guillaume Blin5, Jaap Heringa2,
Macha Nikolski4,5, Lodewyk F. A. Wessels3, Gunnar W. Klau1,2

⇤Equal contribution; 1Life Sciences, Centrum Wiskunde & Informatica (CWI), Amsterdam,
Netherlands; 2Centre for Integrative Bioinformatics VU, VU University Amsterdam, Netherlands;
3Computational Cancer Biology, The Netherlands Cancer Institute, Amsterdam, Netherlands; 4Univ.
Bordeaux, CBiB, F-33000 Bordeaux, France; 5Univ. Bordeaux, CNRS / LaBRI, F-33405 Talence,
France; 6Genome Informatics, University of Duisburg-Essen, Germany; 7Department of
Bioinformatics, Biocenter, University of Würzburg, Germany

ABSTRACT
Motivation: Integrative network analysis methods provide robust
interpretations of differential high-throughput molecular profile
measurements. They are often used in a biomedical context—either to
generate novel hypotheses about the underlying cellular processes or
to derive biomarkers for classification and subtyping. The underlying
molecular profiles are frequently measured and validated on animal or
cellular models. Therefore the results are not immediately transferable
to human. In particular, this is also the case in a study of the recently
discovered interleukin-17 producing helper T cells (Th17), which are
fundamental for anti-microbial immunity but also known to contribute
to autoimmune diseases.
Results: We propose a sound mathematical model for finding active
subnetwork modules that are conserved between two species. These
are sets of genes, one for each species, which (i) induce a connected
subnetwork in a species-specific interaction network, (ii) show overall
differential behavior and (iii) contain a large number of orthologous
genes. We propose a flexible notion of conservation, which turns out to
be crucial for the quality of the resulting modules in terms of biological
interpretability. We propose an algorithm that finds provably optimal
conserved active modules in our model. We apply our algorithm to
understand the mechanisms underlying Th17 T cell differentiation in
both mouse and human. As a main biological result, we find that the
key regulation of Th17 differentiation is conserved between human
and mouse.
Availability: xHeinz, an implementation of our algorithm, as well as
all input data and results are available at http://software.cwi.
nl/xheinz.
Contact: gunnar.klau@cwi.nl

1 INTRODUCTION
Many computational methods have been proposed for the analysis
of molecular profiles under different conditions. Studies employing
these methods either aim for a better understanding of the molecular
changes in the underlying cellular processes or for the discovery of
biomarkers to classify between different conditions. Traditionally,
analysis methods have been gene-centric, that is, they consider genes
in isolation to establish differential patterns by simple statistical
methods based on univariate statistical tests. For example, one of
the first studies used gene expression measurements to differentiate

between two leukemia classes (Golub et al., 1999). With the
availability of reliable biological network data for human and
model organisms, gene-centric approaches have been increasingly
complemented by integrative network analysis methods (Ideker et al.,
2002; Dittrich et al., 2008; Mitra et al., 2013). These methods yield
active modules, that is, connected sets of genes that show overall
differential behavior. By taking the network topology into account,
integrative analysis methods allow for a more robust interpretation
of the measurements and result in more meaningful mechanistic
insights.

Frequently, for ethical or practical reasons, molecular profiles
are measured and validated on animal or cellular models and the
results are therefore not immediately transferable to human. In fact,
the low phase-II survival rate of 25% of potential drug compounds
is largely attributed to the lack of transferability between model
systems and human (Csermely et al., 2013). Transferability is also
an issue in the recently discovered interleukin-17 producing helper
T cells (Th17). These cells form a separate subset of helper T cells
with a differentiation pathway distinct from those of the established
Th1 and Th2 cells (Park et al., 2005). Th17 cells are known to
contribute to pathogenesis of inflammatory and autoimmune diseases
such as asthma, rheumatoid arthritis, psoriasis and multiple sclerosis
and play also a role in cancer immunology (Wilke et al., 2011).
Understanding the pathways and regulatory mechanisms that mediate
the decision making processes resulting in the formation of Th17 is a
critical step in the development of novel therapeutics. Unfortunately,
the vast majority of data collected so far originates from studies
performed on mice (Tuomela et al., 2012) and most importantly, a
comprehensive comparison of the Th17 differentiation process in
model organisms and in human is missing. Several studies indicate
that the differentiation and phenotype of human and mouse Th17
cells are similar (Annunziato and Romagnani, 2009). Both subsets
serve similar pro-inflammatory functions and produce the same
hallmark cytokines and similar receptors. Furthermore, most of the
already identified regulator genes show high sequence conservation.
Other studies, however, show stimulus requirements for effective
differentiation of human cells that differ from those required for
mice (McGeachy and Cua, 2008; O’Garra et al., 2008; Annunziato
et al., 2009). A characterization of the similarities and differences
will not only increase our understanding of this fundamental process,
but is also essential for sound translational research.

c� Oxford University Press 2014. 1
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mice (McGeachy and Cua, 2008; O’Garra et al., 2008; Annunziato
et al., 2009). A characterization of the similarities and differences
will not only increase our understanding of this fundamental process,
but is also essential for sound translational research.

c� Oxford University Press 2014. 1



What does it have to do with biology?



Take away

Optimization problem, approximations

Maximum-Weight Connected Subgraph
I is an APX-hard problem

Prove APX-hardness: use MAX-3SAT by encoding the variables or
the clauses
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